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We establish a property of minimal imperfect graphs, and use this property to 
generate two classes of perfect graphs. The first class contains all comparability 
graphs, all triangulated graphs, and two other classes of perfect graphs. The second 
class contains all triangulated graphs and all line-graphs of bipartite graphs. 
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1. INTRODUCTION 
A graph G is perfect if, for each induced subgraph H of G, the chromatic 
number of H equals the number of vertices in a largest clique of H. This 
paper is concerned with three wel&known classes of perfect graphs; they are 
the class of comparability graphs, the class of triangulated graphs, and the 
class of line-graphs of bipartite graphs. (Definitions of these graphs will be 
given later.) Our main purpose is to present two new classes of perfect 
graphs. The first class contains ali triangulated graphs, all comparability 
graphs, and two other classes of perfect graphs. The second class contains 
all triangulated graphs, and all line-graphs of bipartite graphs. 
2. ALTERNATING ORIENTATION OF PERFECT GRAPHS 
Let Ck(Pk) denote the chordless cycle (path) with k vertices. The chord- 
less cycle with at least four vertices will be called a hole. By N(x)(ilT(x)) we 
denote the set of all vertices adjacent (nonadjacent) to x. A graph is 
triangulated if it does not contain a hole. Berge [ 1) proved that 
triangulated graphs are perfect. The directed graph with vertices a, b, c and 
arcs (directed edges) ab, bc will be called an obstruction. A graph G is a 
comparability graph if G admits an orientation c’ such that G’ is acyclic and 
does not contain an obstruction. It is well known that comparability 
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graphs are perfect. The fact that complements of comparability graphs are 
perfect follows from a famous theorem of Dilworth [9] on partially 
ordered sets. 
An orientation G’ of a graph G is an alternating orientation if no hole of 
6 contains an obstruction. If a graph G admits an alternating orientation, 
then we say that G is alternately orientable. 
THEOREM 2.1. Euery alternately orientable graph is perfect. 
To prove Theorem 2.1, we shall rely on the following results. First, 
Ghouila-Houri [ 121 proved that a graph G is a comparability graph if and 
only if G admits an orientation G such that G does not contain an obstruc- 
tion. Second, Chvatal [S] proved that no minimal imperfect graph G (that 
is G is imperfect but every proper induced subgraph of G is perfect) can 
contain a star-cutset (this is a set C of vertices of G such that the removal 
of C would disconnect G, and that in C there is vertex that is adjacent to 
all other vertices of C). We are going to use Chvatal’s theorem to establish 
a property of minimal imperfect graphs. 
THEOREM 2.2. In a minimal imperfect graph, each P, extends into a hole. 
Proof of Theorem 2.2, We are going to prove a stronger statement. We 
claim that for any graph G, at least one of the following properties holds. 
(i) G contains a star-cutset. 
(ii) The complement G of G is disconnected. 
(iii) Each induced P, of G extends into a hole. 
If G is minimal imperfect, then by Chvatal’s theorem, (i) must fail for G; 
it is easy to see that (ii) must fail for G. Thus, (i), (ii), and (iii) are strong 
enough to imply the theorem. Now, we are going to justify our claim. 
First, note that for each vertex x of G, 
and 
R(x) induces a connected subgraph of G, (2.1) 
each vertex t in N(x) has a neighbour in N(x). (2.2) 
If (2.1) does not hold, then (x} u N(x) is a star-cuset separating the 
components of R(x); if (2.2) does not hold, then (x} u (Ar(x) - {t)) is a 
star-cuset separating N(X) and t (note that N(x) is nonempty, for otherwise 
G is disconnected). Now, (2.1) and (2.2) imply that every two nonadjacent 
vertices x,, x2 of N(x) are endpoints of a chordless path P whose interior 
vertices lie entirely in R(x); but then {x, x,, x2} entends into a hole (con- 
taining the path P). To see that (iii) holds, for each P, with vertices a, b, c 
and edges ab, bc, write b = x, a = x1, c = x2. 1 
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Perhaps it should be noted that Theorem 2.2 can be proved by relying 
on previously known results on perfect graphs. In fact, Tucker [24] proved 
that (2.1) holds for minimal imperfect graphs; and Olaru (see Corollary 2’ 
of Theorem 13 in [21]) independently proved that both (2.1) and (2.2) 
hold for minimal imperfect graphs. 
Proof of Theorem 2.1. Let G be an alternately orientable graph and let 
G’ be its alternating orientation. If G is not perfect then G contains a 
minimal imperfect graph. Thus without loss of generality, we may assume 
that G is minimal imperfect. Now, G’ must contain an obstruction, or else 
by Ghouila-Kouri’s theorem, G is perfect, a contradiction. But by 
Theorem 2.2, this obstruction extends into a hole, a contradiction. 1 
3. SUBCLASSES OF ALTERNATELY ORIENTABLE GRAPHS 
3.1. By definition, the class of alternately orientable graphs contains 
all comparability graphs, and all triangulated graphs. Gallai [ 111 found a 
list of all minimal noncomparability graphs (that is graphs that are not 
comparability graphs, but all proper induced subgraphs of them are com- 
parability graphs). It should be interesting to find a list of all minimal non- 
alternately-orientable graphs. Also, we would like to mention the following 
problem (analogous to the theorem of GhouilaaHouri): prove that a graph 
G is alternately orientable if and only if G admits an orientation G such 
that c’ is both alternating and acyclic. 
3.2. A graph is i-triangulated if each of its odd cycles with at least 
five vertices contains two non-crossing chords. Gallai [lo] proved that 
every i-triangulated graph is perfect. Burlet and Fonlupt [4] proved a 
decomposition theorem for i-triangulated graphs. They proved that every 
i-triangulated graph is either a “basic i-triangulated” graph, or else it 
contains a “simplicial clique cutset”. A graph G = (V, E) is a basic 
i-triangulated graph if I/ can be partitioned into disjoint sets A, K, S such 
that 
0 either A induces a two-connected bipartite graph, or else it can be 
partitioned into stable sets A ], A, ,..., Ak, with k 3 3, such that each Aj con- 
tains at least two vertices, and two vertices of A are adjacent if and only if 
they belong to different stable sets, 
9 K induces a clique in G, 
0 we have xy E E whenever x E A, y E K, 
l S is a stable set and each vertex in S has at most one neighbour 
in A. 
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A simplicial clique cutset of a graph G is a clique C such that removal of 
C would disconnect G, and that there is a vertex x in each of the connected 
components of G - C with N(x) 2 C. 
THEOREM 3.1. Every i-triangulated graph is alternately orientable. 
Proof of Theorem 3.1. By induction on the number of vertices. Let 
G = (V, E) be an i-triangulated graph. If G is basic i-triangulated, then G is 
alternately orientable if and only if the subgraph G, of G induced by A is 
(because no vertex in Ku S belongs to a hole). Now we can partition A 
into two disjoint stable sets B, and B, if G, is bipartite; and we direct x to 
y whenever x E B, and y E B,, or x E A i, y E Aj and i < j; clearly, this orien- 
tation of G, is an alternating orientation. Now, we can assume that G con- 
tains a simphcial clique cutset C. Let G, and G2 be two induced subgraphs 
of G such that G = G, v G,, and C= G, n G,. By the induction hypothesis, 
G, and G2 are alternately orientable. Let G, and G, be the alternating 
orientations of G, and G,, respectively. Now, note that for each Gi, the 
direction of each edge xy of C is immaterial: no such edge can belong to a 
hole (if xy belongs to a hole H of G,, then in G2 - C there is a vertex Z, 
adjacent to both x and y, such that the subgraph of G induced by 
((z} u H) contains an odd cycle with at least five vertices with only one 
chord). The above remark shows that G = G, u (c’, - C) is an alternating 
orientation of G. 1 
3.3. Let u and v be two vertices of a graph. We say that that u 
dominates u if N(u) u {u) 2 N(v). Chvatal and Hammer [7] defined a 
graph to be a threshold graph if for any two vertices u and v, either u 
dominates u or v dominates U. (A graph G = (V, E) is the union of two 
graphsG,=(V,,E,)andG,=(V,,E,)if~=V,u~*andE=E,uE,.) 
THEOREM 3.2. If a graph G is union of two threhold graphs, then G is 
alternately orientable. 
Proof of Theorem 3.2. Let G be the union of two threshold graphs G, 
and G,. The edges of each Gi can be directed so that 
(i) if {a, 6, 1 d c m uces a P, in Ci, with b being the interior vertex of 
this path, then b is directed to both a and c. 
We can realize (i) by directing x to y if xy is an edge of Gi and x dominates 
y in Gi. Next, it is easy to see that each edge of a hole of G can belong to 
only one Gj, that is it can not belong to both G, and G,. It follows that 
(ii) each C, of G is the union of two P,‘s, one of these belongs to G, 
and not G?, the other belongs to Gz and not G,. 
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Since every hole of G has size four, (i) and (ii) imply that G admits an 
alternating orientation. 1 
3.4. Golumbic, Monma, and Trotter [ 131 found yet another class 
of alternately orientable graphs. They proved that every “tolerance” graph 
is alternately orientable. It is this result that motivates our work. 
4. FURTHER REMARKS ON ALTERNATELY ORIENTABLE GRAPHS 
In this section, we show (by exbihiting non-trivial examples) that certain 
well known classes of perfect graphs are not contained in the class of alter- 
nately orientable graphs, and vice versa. 
4.1. A graph is weakly triangulated if it does not contain a hole with 
a least five vertices, or the complement of such a hole. Hayward [14] 
proved that every weakly triangulated graph is perfect. He also showed 
that the complement of the graph shown in Fig. 1 is weakly triangulated 
but not alternately orientable. 
4.2. Berge and Duchet 133 defined a graph G to be strongly perfect 
if for each induced subgraph H of G, H contains a stable set that meets all 
maximal cliques in H. (Here, as usual, “maximal” is meant with respect to 
set-inclusion, not size.) The graph shown in Fig. 2 is alternately orientable 
but not strongly perfect. 
4.3. Two large classes of strongly perfect graphs are perfectly 
oderable graphs and Meyniel graphs. A graph is perfectly orderable if it 
admits a linear order < on the set of vertices so that no induced subgraph 
with vertices a, b, c, d and edges ab, bc, cd has a < b, d< c. Chvatal [6] 
proved that prefectly orderabie graphs are strongly perfect; he also noted 
that if G is the complement of a triangulated graph, then G is perfectly 
orderable. Thus, the complement of the graph shown in Fig. 1 is perfectly 
orderable but not alternately orientable. 
FIGURE I 
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FIGURE 2 
4.4. Meyniel [lS] proved that a graph is perfect whenever each of 
its of its odd cycles with at least live vertices contains two chords. 
Nowadays, such a graph is called a Meyniel graph. Ravindra [23] 
established strong perfection of Meyniel graphs. (It turns out that Meyniel 
graphs have a property that is even stronger than strong perfection: as con- 
jectured by Meyniel and proved by Ho&g [16], in a Meyniel graph, each 
vertex belongs to a stable set which meets all maximal cliques.) 
Let G be a Meyniel graph and let x be a vertex of G. It is easy to see that 
the graph G’ obtained from G by duplicating x (that is, adding a vertex x’ 
nonadjacent to x, and joining x’ to z if and only if xz is an edge of G) 
remains a Meyniel graph. We constructed a Meyniel graph which is not 
alternately orientable. This is the graph H, obtained from the graph G 
shown in Fig. 3, by duplicating each vertex marked with “IV once. 
Olaru [20] first proved that a graph is perfect if each of its odd cycles 
with at least live vertices contains two crossing chords. Graphs that satisfy 
Olaru’s condition are nowadays called parity graphs. We asked whether or 
not there are parity graphs that are not alternately orientable; Blidia, 
Champetier, and Meyniel showed that such graphs exist. Consider the 
graph G shown in Fig. 4. 
Blidia, Champetier, and Meyniel noted that the graph H, obtained from 
G by first duplicating b, and then duplicating c and e, is a parity graph but 
not an alternately orientable graph. (Note that duplicating the vertices of a 
parity (resp. perfectly orderable, weakly triangulated) graph results in a 
parity (resp. perfectly orderable, weakly triangulated) graph. Thus the 
parity graph H is both perfectly orderable and weakly triangulated.) 
Assume that H admits an alternating orientation. We shall write x -+ y to 
mean that x is directed to y. Without loss of generality, we may assume 
. 
FIGURE 3 
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that in H, we have a+b, this forces c+b, c+d, c+e, f-+e, b-te, and 
finally b + a; but then this is a contradiction. 
Meyniel graphs are generalizations of parity graphs and i-triangulated 
graphs. There is a generalization of Meyniel graphs. We shall call a graph 
G a strict quasi-parity graph if for each induced subgraph H of G, either (i) 
H is a clique, or (ii) H contains two vertices that are not endpoints of a 
chordless path with an odd number of edges; if for all induced subgraphs G 
of G, either H or B satisfies (ii), or H consists of just one vertex, then G is 
called a quasi-parity graph. Meyniel [ 191 proved that every quasi-parity 
graph is perfect. He also showed that all perfectly orderable graphs and all 
Meyniel graphs are strict quasi-parity graphs. It is shown recently in [ 151 
that weakly triangulated graphs are strict quasi-parity graphs. At present, 
we do not know whether or not alternately orientable graphs are strict 
quasi-parity (or quasi-parity) graphs. 
5. ALTERNATING COLOURATION OF PERFECT GRAPHS 
We say that a graph G admits an alternating colouration if the edges of G 
can be coloured by two colours so that no hole of G contains a 
monochromatic P,, that is a P, whose two edges have the same colour; 
such a graph G will be called an alternately colourable graph. A line-graph 
of a graph H is a graph G whose vertices are edges of H, two vertices of G 
are adjacent if and only if they share an endpoint as edges of H. It follows 
from a theorem of Konig [ 171 that all line-graphs of bipartite graphs are 
perfect. It is easy to see that a graph G is a line-graph of a bipartite graph if 
and only if the edges of G can be coloured by two colours such that the 
edges of each colour form vertex-disjoint cliques. Thus, every line-graph of 
bipartite graph is alternately colourable. Furthermore, every colouration 
(by two colours) of the edges of a triangulated graph is trivially an alter- 
nating colouration. 
THEOREM 5.1. Every alternately colourable graph is perfect. 
It is easy to see that if G is a line-graph of a bipartite graph then G must 
be claw-free (that is G does not contain an induced subgraph with vertices 
a, b, c, d and edges ab, ac, ad), and G must be a Berge graph (in the sense 
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FIGURE 5 
that G does not contain an odd hole of size at least five or the complement 
of such an odd hole; it is Berge who initiated the study of perfect graphs). 
Parthasarathy and Ravindra [22] proved that every claw-free Berge graph 
is perfect. Chvatal and Sbihi [S] designed a polynomial-time algorithm to 
recognize claw-free Berge graphs. In the process of doing so, they found 
many graphs which are claw-free Berge but not alternately colourable. One 
such graph is shown in Fig. 5. 
The graph shown in Fig. 6 is alternately orientable but not alternately 
colourable. The graph shown in Fig. 7 (found independently by Hayward 
and Maffray) is alternately colourable (it is the line-graph of the bipartite 
graph K3,3 minus an edge) but not alternately orientable (also, it is not a 
quasi-parity graph). 
Proof of Theorem 5.1. Let G be a graph that admits an alternating 
colouration. If G is not perfect then G contains a minimal imperfect graph. 
Thus without loss of generality, we may assume that G is minimal imper- 
fect. Now, G must contain a monochromatic P,, or else G is a claw-free 
Berge graph and by Parthasarathy and Ravindra’s theorem, G is perfect, a 
contradiction. But by Theorem 2.2, this monochromatic P, extends into a 
hole, a contradiction. 1 
FIGURE 6 
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FIGURE 7 
6. A RECOGNITION ALGORITHM 
In this section, we show that the problem of determining whether a 
graph admits an alternating orientation (or colouration) can be solved in 
polynomial time. Let G = (V, E) be a graph. First, we want to partition the 
edges of G into “equivalence classes” E,, El,..., by the following recursive 
rule: two edges e, and e2 belongs to Ei if and only if 
(i) e, and e2 belong to the same hole, or 
(ii) there are edges e-,, e4 in Ei such that e, and e3 belong to the same 
hole, and ez and e4 belong to the same hole. 
To construct the equivalence classes, we only need construct certain 
classes Ef, E;,..., by this rule: two edges e,, e, belong to the same E” if 
and only if they form a P,, and 
(iii) this P, extends into a hole. 
We can test (iii) as follows. Let a, b, c be the vertices of a P,, with b 
being the interior vertex. This P, extends into a hole if and only if there is a 
connected component C of N(b) with N(a) n C # $3, and N(c) n C # $3. 
The desired equivalence classes E,, E2,..., can be found by recursively 
merging two classes ET, E,+ if and only if they intersect. Now once the 
direction (colour) of an edge in each Ei is fixed, the directions (colours) of 
all other edges in this Ei are determined. We can assume that each edge is 
forced to accept only one direction (colour), for otherwise G is not alter- 
nately orientable (colourable). Now, the resulting orientation (colouration) 
is alternating if and only if no obstruction (monochromatic P3) extends 
into a hole. 
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